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MINIMAL SURFACES IN THE FOUR-DIMENSIONAL
EUCLIDEAN SPACE
GEORGI GANCHEV AND VELICHKA MILOUSHEVA
Abstract. We prove that the Gauss curvature and the curvature of the normal connection
of any minimal surface in the four dimensional Euclidean space satisfy an inequality, which
generates two classes of minimal surfaces: minimal surfaces of general type and minimal
super-conformal surfaces. We prove a Bonnet-type theorem for strongly regular minimal
surfaces of general type in terms of their invariants. We introduce canonical parameters
on strongly regular minimal surfaces of general type and prove that any such a surface is
determined up to a motion by two invariant functions satisfying a system of two natural
partial differential equations. On any minimal surface of the basic class of non strongly
regular minimal surfaces we define canonical parameters and prove that any such a surface
is determined up to a motion by two invariant functions of one variable satisfying a system
of two natural ordinary differential equations. We find a geometric description of this class
of non strongly regular minimal surfaces.
1. Introduction
In [2] it is proved that any strongly regular Weingarten surface in Euclidean space R3
admits geometrically determined parameters, which are an analogue of the natural parameter
in the theory of the smooth curves in R3. As a corollary of this fact it follows that any such
a surface is determined uniquely up to a motion by its normal curvature function satisfying
the corresponding natural partial differential equation.
In this paper we study minimal surfaces in the four dimensional Euclidean space R4. As
usual, the notion of a minimal surface means a regular surface with zero mean curvature
vector. At any point of a regular surface M2 in R4 in [3] we introduced two invariants k and
κ. In terms of these invariants minimal surfaces are characterized by the equality
κ
2 − k = 0.
The function κ is the curvature of the normal connection of M2. Denoting by K the Gauss
curvature of M2, in Section 3 we prove that on any minimal surface the following inequality
holds
K2 − κ2 ≥ 0.
This inequality generates two classes of minimal surfaces:
• the class of minimal super-conformal surfaces characterized by K2 − κ2 = 0;
• the class of minimal surfaces of general type characterized by K2 − κ2 > 0.
In this paper we study the class of minimal surfaces of general type.
In Section 4 we introduce semi-canonical parameters and canonical lines on any minimal
surface of general type, which play the same role as the principal parameters and the lines
of curvature in the theory of surfaces in R3.
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In Section 5 we denote by γ1 and γ2 the geodesic curvatures of the canonical lines on a
minimal surface M2 of general type, and define strongly regular minimal surfaces of general
type by the inequality
γ1 γ2 6= 0.
Further we prove the fundamental theorem of Bonnet-type (Theorem 5.1) for strongly regular
minimal surfaces of general type in terms of four invariant functions.
Next we define canonical parameters and prove (Theorem 6.3) that any strongly regular
minimal surface of general type admits such parameters. The fundamental theorem (Theo-
rem 6.4) in canonical parameters states as follows:
Any two solutions µ(u, v) and ν(u, v) to the system of natural partial differential equations
1
4
√
|µ2 − ν2|∆ ln |µ2 − ν2|+ µ2 + ν2 = 0,
1
2
√
|µ2 − ν2|∆ ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣+ 2µν = 0,
determine a unique (up to a motion) strongly regular minimal surface of general type with
invariants µ and ν. Furthermore (u, v) are canonical parameters.
In Section 7 we consider non strongly regular minimal surfaces of general type. The basic
class of these surfaces is determined by the condition γ1 = 0 , i.e. one of the families of
canonical lines consists of geodesics.
We introduce canonical parameters and prove (Theorem 7.3) that any minimal surface of
general type satisfying the condition γ1 = 0 admits canonical parameters. The fundamental
theorem (Theorem 7.4) for these surfaces in canonical parameters states as follows:
Any two solutions µ(u) and ν(u) to the system of natural ordinary differential equations
1
4
(
ln |µ2 − ν2|)
uu
− 1
16
(
ln |µ2 − ν2|)2
u
+ ν2 + µ2 = 0,
1
2
(
ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
uu
− 1
8
(
ln |µ2 − ν2|)
u
(
ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
u
+ 2νµ = 0
determine a unique (up to a motion) non strongly regular surface (γ1 = 0) with invariants
µ and ν.
We give a geometric description of non strongly regular minimal surfaces of general type
(with γ1 = 0) in Proposition 7.5.
2. Preliminaries
We denote by g the standard metric in the four-dimensional Euclidean space R4 and by
∇′ its flat Levi-Civita connection. All considerations in the present paper are local and all
functions, curves, surfaces, tensor fields etc. are assumed to be of the class C∞.
Let M2 : z = z(u, v), (u, v) ∈ D (D ⊂ R2) be a regular 2-dimensional surface in R4. The
tangent space to M2 at an arbitrary point p = z(u, v) of M2 is span{zu, zv}.
For an arbitrary orthonormal normal frame field {e1, e2} of M2 we have the standard
derivative formulas:
∇′zuzu = zuu = Γ111 zu + Γ211 zv + c111 e1 + c211 e2,
∇′zuzv = zuv = Γ112 zu + Γ212 zv + c112 e1 + c212 e2,
∇′zvzv = zvv = Γ122 zu + Γ222 zv + c122 e1 + c222 e2,
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where Γkij are the Christoffel’s symbols and c
k
ij, i, j, k = 1, 2 are functions on M
2.
We use the standard denotations E(u, v) = g(zu, zu), F (u, v) = g(zu, zv), G(u, v) =
g(zv, zv) for the coefficients of the first fundamental form and setW =
√
EG− F 2. Denoting
by σ the second fundamental tensor of M2, we have
σ(zu, zu) = c
1
11 e1 + c
2
11 e2,
σ(zu, zv) = c
1
12 e1 + c
2
12 e2,
σ(zv, zv) = c
1
22 e1 + c
2
22 e2.
In [3] we found invariants of a surfaceM2 in R4, defining a geometrically determined linear
map in the tangent space of the surface. We introduce the functions
∆1 =
∣∣∣∣∣ c
1
11 c
1
12
c211 c
2
12
∣∣∣∣∣ , ∆2 =
∣∣∣∣∣ c
1
11 c
1
22
c211 c
2
22
∣∣∣∣∣ , ∆3 =
∣∣∣∣∣ c
1
12 c
1
22
c212 c
2
22
∣∣∣∣∣ ;
L(u, v) =
2∆1
W
, M(u, v) =
∆2
W
, N(u, v) =
2∆3
W
.
Further we denote
γ11 =
FM −GL
EG− F 2 , γ
2
1 =
FL−EM
EG− F 2 ,
γ12 =
FN −GM
EG− F 2 , γ
2
2 =
FM − EN
EG− F 2 ,
and consider the linear map
γ : TpM
2 → TpM2,
determined by the conditions
γ(zu) = γ
1
1zu + γ
2
1zv,
γ(zv) = γ
1
2zu + γ
2
2zv.
The linear map γ of Weingarten type at the point p ∈ M2 is invariant up to a sign and the
functions
k =
LN −M2
EG− F 2 , κ =
EN +GL− 2FM
2(EG− F 2)
are invariants of the surface M2.
The invariants k and κ divide the points of M2 into four types: flat, elliptic, parabolic
and hyperbolic. The surfaces consisting of flat points satisfy the conditions
k(u, v) = 0, κ(u, v) = 0, (u, v) ∈ D,
or equivalently
L(u, v) = 0, M(u, v) = 0, N(u, v) = 0, (u, v) ∈ D.
They are either planar surfaces (there exists a hyperplane R3 ⊂ R4 containing M2) or
developable ruled surfaces [3].
Any surface M2 in R4 satisfies the following inequality:
κ
2 − k ≥ 0.
The minimal surfaces in R4 are characterized by
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Proposition 2.1. [3] A surface M2 in R4 is minimal if and only if
κ
2 − k = 0.
3. Classes of minimal surfaces
The minimal surfaces in R4 can also be characterized in terms of the ellipse of curvature.
Let us recall that the ellipse of curvature of a surface M2 in R4 at a point p ∈ M2 is the
ellipse in the normal space of M2 at the point p given by {σ(x, x) : x ∈ TpM2, g(x, x) = 1}
[5, 6]. Let {x, y} be an orthonormal base of the tangent space TpM2 at p. Then, we have
for any v = cos θ x+ sin θ y that
σ(v, v) = H + cos 2θ
σ(x, x)− σ(y, y)
2
+ sin 2θ σ(x, y),
where H =
1
2
(σ(x, x) + σ(y, y)) is the mean curvature normal vector of M2 at p. So, when
v goes once around the unit tangent circle, the vector σ(v, v) goes twice around an ellipse
centered at H . The vectors
σ(x, x)− σ(y, y)
2
and σ(x, y) determine conjugate directions of
the ellipse.
A surface M2 in R4 is called super-conformal [1] if at any point of M2 the ellipse of
curvature is a circle. In [1] it is given an explicit construction of any simply connected
super-conformal surface in R4 that is free of minimal and flat points.
Obviously, a surface M2 is minimal, i.e. the mean curvature vector field H = 0, if and
only if for each point p ∈M2 the ellipse of curvature is centered at the point p.
Hence, the following proposition holds.
Proposition 3.1. Let M2 be a surface in R4. Then the following conditions are equivalent:
(i) M2 is minimal;
(ii) κ2 − k = 0;
(iii) for each point p ∈M2 the ellipse of curvature is centered at p.
Now we shall consider a minimal surface M2 in R4 . Without loss of generality we assume
that {x = zu√
E
, y =
zv√
G
} is an orthonormal tangent frame field, i.e. F = 0. Let {e1, e2} be
a normal frame field of M2, such that {x, y, e1, e2} is a positive oriented orthonormal frame
field in R4. Since M2 is minimal, then σ(x, x) + σ(y, y) = 0. So with respect to the frame
field {x, y, e1, e2} the derivative formulas of M2 get the form:
(3.1)
∇′xx = γ1 y + a e1 + b e2, ∇′xe1 = −a x− c y + β1 e2,
∇′xy = −γ1 x + c e1 + d e2, ∇′ye1 = −c x+ a y + β2 e2,
∇′yx = −γ2 y + c e1 + d e2, ∇′xe2 = −b x− d y − β1 e1,
∇′yy = γ2 x − a e1 − b e2, ∇′ye2 = −d x+ b y − β2 e1,
where γ1 = −y(ln
√
E), γ2 = −x(ln
√
G), a, b, c, d are functions on M2.
The formulas (3.1) imply that
L = 2(ad− bc)E, M = 0, N = 2(ad− bc)G.
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In case L = M = N = 0 the surface M2 consists only of flat points and is contained in
3-dimensional space R3, i.e. M2 is a minimal surface in R3. We shall consider only the non-
trivial case (L,M,N) 6= (0, 0, 0). So, we assume that ad − bc 6= 0. The derivative formulas
(3.1) imply that the invariants k and κ of M2 are expressed as follows:
(3.2) k = 4(ad− bc)2, κ = 2(ad− bc).
According to the Gauss equation the Gauss curvature K of M2 is expressed by K =
g(σ(x, x), σ(y, y))− g(σ(x, y), σ(x, y)), and hence
(3.3) K = −(a2 + b2 + c2 + d2).
Remark: Obviously, the Gauss curvature of each minimal surface M2 in R4 is non-positive.
The inequality K ≤ 0 for a minimal surface M2 in R4 also follows from the inequality [7]
K + |κ| ≤ ‖H‖2, which holds for an arbitrary surface in R4.
Lemma 3.2. For each minimal surface M2 in R4 the following inequality holds:
K2 − κ2 ≥ 0.
Proof: From (3.2) and (3.3) we get that
K2 − κ2 = (a2 + b2 − c2 − d2)2 + 4(ac+ bd)2,
which implies the inequality K2 − κ2 ≥ 0. 
Obviously, K2 − κ2 = 0 if and only if
a2 + b2 = c2 + d2, ac + bd = 0,
i.e.
σ(x, x) ⊥ σ(x, y), σ2(x, x) = σ2(x, y),
which is equivalent to the condition that the ellipse of curvature is a circle.
Hence, the class of minimal surfaces, characterized by the condition K2 − κ2 = 0, is the
class of minimal super-conformal surfaces.
We shall consider the class of minimal surfaces satisfying the condition K2 −κ2 > 0, and
we shall call them minimal surfaces of general type.
Now letM2 : z = z(u, v), (u, v) ∈ D be a minimal surface of general type and p = z(u0, v0)
be a fixed point.
Definition 3.3. A tangent at a point p ∈ M2 generated by a unit vector x is said to be
canonical if it is collinear with an axis of the ellipse of curvature at p.
We shall find a local orthonormal tangent frame field {x, y}, defined in D0 ⊂ D ((u0, v0) ∈
D0), such that x and y are canonical tangents, i.e. σ(x, x)⊥σ(x, y), or equivalently a c+b d =
0.
If {x, y} is an orthonormal tangent frame field, such that
x = cosϕx+ sinϕ y,
y = − sinϕx+ cosϕ y, ϕ = ∠(x, x),
then the corresponding functions a, b, c, d are expressed as follows:
a = a cos 2ϕ+ c sin 2ϕ, b = b cos 2ϕ+ d sin 2ϕ,
c = c cos 2ϕ− a sin 2ϕ, d = d cos 2ϕ− b sin 2ϕ.
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Hence,
a c+ b d = (a c+ b d) cos 4ϕ− a
2 + b2 − c2 − d2
2
sin 4ϕ,
a2 + b
2 − c2 − d2
2
=
a2 + b2 − c2 − d2
2
cos 4ϕ+ (a c+ b d) sin 4ϕ.
If a c+ b d 6= 0 at the point (u0, v0) ∈ D, then there exists D0 ⊂ D, such that a c+ b d 6= 0
for all (u, v) ∈ D0. Hence, in D0 we can change the tangent frame field {x, y} with {x, y},
where cot 4ϕ =
a2 + b2 − c2 − d2
2(a c+ b d)
. Then we get a c+b d = 0, i.e. σ(x, x)⊥σ(x, y). Moreover,
a2 + b
2 − c2 − d2 6= 0, i.e. σ2(x, x) 6= σ2(x, y).
If a c + b d = 0 at the point (u0, v0) ∈ D, then a2 + b2 − c2 − d2 6= 0 at (u0, v0) and there
exists D0 ⊂ D, such that a2 + b2 − c2 − d2 6= 0 for all (u, v) ∈ D0. So, in D0 we can change
the tangent frame field {x, y} with {x, y}, where tan 4ϕ = 2(a c+ b d)
a2 + b2 − c2 − d2 . Then we get
a c+ b d = 0, i.e. x and y are canonical tangents.
The canonical tangents are uniquely determined at any point of a minimal surface of
general type.
So, we can find a local orthonormal normal frame field {n1, n2}, such that {x, y, n1, n2} is
a positive oriented orthonormal frame field and the derivative formulas of M2 are as follows:
(3.4)
∇′xx = γ1 y + ν n1, ∇′xn1 = −ν x + β1 n2,
∇′xy = −γ1 x + µn2, ∇′yn1 = ν y + β2 n2,
∇′yx = −γ2 y + µn2, ∇′xn2 = − µ y − β1 n1,
∇′yy = γ2 x − ν n1, ∇′yn2 = −µ x − β2 n1,
where µ > 0, ν 6= 0, and µ2 6= ν2.
The invariants k, κ and the Gauss curvature K of M2 are expressed as follows:
k = 4ν2µ2; κ = 2 νµ; K = −(ν2 + µ2).
Consequently, on a minimal surface of general type M2 in R4 there exists locally a geometric
frame field {x, y, n1, n2} of M2, such that the Frenet type derivative formulas (3.4) hold.
We shall use the following terminology:
The integral lines of the canonical tangent vector fields x and y are said to be the canonical
lines ; any parameters (u, v) ofM2 generating canonical parametric lines are said to be semi-
canonical parameters.
It is clear that semi-canonical parameters are determined up to changes: u = u(u¯), v =
v(v¯) or u = u(v¯), v = v(u¯).
The functions ν, µ, γ1, γ2, β1, β2 in the Frenet type formulas (3.4) are invariants of the
surface M2. The invariants ν and µ are determined by the canonical tangents x and y as
follows:
ν2 = σ2(x, x), µ2 = σ2(x, y).
The functions ν2 and µ2 are expressed by the Gauss curvature K and the invariant κ in the
following way:
ν2 + µ2 = −K, 4ν2µ2 = κ2.
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Hence, there are two classes of minimal surfaces of general type: the class of those ones for
which µ2 − ν2 > 0 (equivalently σ2(x, y) > σ2(x, x)), and the class of those ones for which
µ2 − ν2 < 0 (equivalently σ2(x, y) < σ2(x, x)).
Taking into account (3.4), the Gauss and Codazzi equations imply the following equalities
for a minimal surface M2 of general type:
(3.5)
2µ γ2 + ν β2 = x(µ),
2µ γ1 − ν β1 = y(µ),
2ν γ2 + µ β2 = x(ν),
2ν γ1 − µ β1 = y(ν),
γ2β2 − γ1β1 − 2νµ = x(β2)− y(β1),
γ21 + γ
2
2 − (ν2 + µ2) = x(γ2) + y(γ1).
From (3.5) and νµ 6= 0, it follows that γ21 + γ22 6= 0, β21 + β22 6= 0.
In [3] we proved that the inavariant κ of a non-minimal surface is equal to the curvature of
its normal connection. Next we prove that the same result is also true for minimal surfaces.
Proposition 3.4. The invariant κ of a minimal surface M2 is equal to the curvature of the
normal connection of the surface.
Proof: LetM2 be a minimal surface of general type. Then the derivative formulas (3.4) imply
that the curvature tensor R⊥ of the normal connection D of M2 is expressed as follows:
(3.6)
R⊥n1(x, y) = DxDyn1 −DyDxn1 −D[x,y]n1 = (x(β2)− y(β1) + γ1 β1 − γ2 β2) n2,
R⊥n2(x, y) = DxDyn2 −DyDxn2 −D[x,y]ln2 = − (x(β2)− y(β1) + γ1 β1 − γ2 β2) n1.
Taking in mind (3.5) and (3.6) we get:
R⊥n1(x, y) = −κ n2,
R⊥n2(x, y) = κ n1,
i.e.
(3.7) κ = g(R⊥n2(x, y), n1) = g(R
⊥(x, y)n2, n1).
If M2 is a minimal super-conformal surface, the formula (3.7) can be derived in a similar
way.
The function g(R⊥(x, y)n2, n1) is the curvature of the normal connection of M
2. Hence,
the invariant κ of a minimal surface M2 is equal to the curvature of the normal connection
of the surface. 
4. Geometric characterization of the canonical tangents
Let M2 : z = z(u, v), (u, v) ∈ D (D ⊂ R2) be a minimal surface of general type, param-
eterized by semi-canonical parameters. We shall give a geometric characterization of the
canonical tangents in terms of the geodesic curves, determined by these tangents.
Theorem 4.1. LetM2 be a minimal surface of general type, parameterized by semi-canonical
parameters. Then a tangent g at a point p ∈ M2 is canonical if and only if the principal
normal of the geodesic curve, passing through the point p and tangent to g at p, is collinear
with the geometric normal vector field n1 of M
2.
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Proof: Suppose that c : u = u(s), v = v(s), s ∈ J (J ⊂ R) is a curve on M2, parameterized
by the arc-length. Then the tangent vector t of c is expressed as follows:
t = z′ = u′ zu + v
′ zv,
and hence
(4.1) t′ = z′′ = u′′ zu + v
′′ zv + u
′2 zuu + 2u
′v′ zuv + v
′2 zvv.
From equalities (3.4) we get
(4.2)
zuu = Γ
1
11 zu + Γ
2
11 zv + Eν n1,
zuv = Γ
1
12 zu + Γ
2
12 zv +
√
EGµn2,
zvv = Γ
1
22 zu + Γ
2
22 zv −Gν n1,
where Γkij are the Christoffel’s symbols. So, equalities (4.1) and (4.2) imply that
t′ = (u′′ + Γ111u
′2 + 2Γ112u
′v′ + Γ122v
′2) zu
+(v′′ + Γ211u
′2 + 2Γ212u
′v′ + Γ222v
′2) zv
+ν(Eu′2 −Gv′2)n1 + 2µ
√
EGu′v′ n2.
If in addition c is a geodesic curve on M2, i.e.
u′′ + Γ111u
′2 + 2Γ112u
′v′ + Γ122v
′2 = 0,
v′′ + Γ211u
′2 + 2Γ212u
′v′ + Γ222v
′2 = 0,
then
(4.3) t′ = ν(Eu′2 −Gv′2)n1 + 2µ
√
EGu′v′ n2.
I. Now let us denote by c1 the geodesic curve tangent to the canonical direction zu. Then
its tangent vector is tc1 = x =
zu√
E
, i.e. u′ =
1√
E
, v′ = 0. Hence, from (4.3) we obtain
t′c1 = ν n1.
Analogously, if c2 is the geodesic curve tangent to the canonical direction zv, then its tangent
vector tc2 satisfies
t′c2 = −ν n1.
Consequently, the principal normals of the geodesic curves c1 and c2 are collinear to the
geometric normal vector field n1.
II. Now let c be a geodesic curve on M2 with tangent vector t = u′ zu + v
′ zv, such that
t′ is collinear to the geometric normal vector field n1. Since µ
√
EG 6= 0, then from (4.3) it
follows that u′v′ = 0, i.e. u = const or v = const. Hence, the tangent to the geodesic curve
c at the point p is canonical. 
So, for each minimal surface of general type there exists a geometric normal vector field
n1, which is geometrically determined by the condition that it is collinear with the principal
normals of the geodesic curves tangent to the canonical tangents.
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5. Strongly regular minimal surfaces of general type
Let M2 be a minimal surface of general type in R4, parameterized by semi-canonical
parameters. Then the equalities (3.5) hold. Using that x =
zu√
E
, y =
zv√
G
, we can rewrite
(3.5) in the following way:
(5.1)
2µ γ2 + ν β2 =
1√
E
µu,
2µ γ1 − ν β1 = 1√
G
µv,
2ν γ1 − µ β1 = 1√
G
νv,
2ν γ2 + µ β2 =
1√
E
νu,
γ2 β2 − γ1 β1 − 2νµ = 1√
E
(β2)u − 1√
G
(β1)v,
γ21 + γ
2
2 − (ν2 + µ2) =
1√
E
(γ2)u +
1√
G
(γ1)v.
So, if γ1 6= 0 and γ2 6= 0, then from (5.1) we obtain
√
E =
(ln |µ2 − ν2|)u
4γ2
;
√
G =
(ln |µ2 − ν2|)v
4γ1
.
Following the scheme in [2] we give the following definition:
A minimal surface of general type is said to be strongly regular if γ1γ2 6= 0.
We shall prove the fundamental theorem of Bonnet type for strongly regular minimal
surfaces of general type:
Theorem 5.1. Let ν, µ, γ1, γ2 be smooth functions, defined in a domain D, D ⊂ R2, and
satisfying the conditions
(5.2)
µ > 0, νγ1γ2 6= 0,
γ2 (ln |µ2 − ν2|)u > 0, γ1 (ln |µ2 − ν2|)v > 0,
γ1
√
E
√
G = −(√E)v, γ2
√
E
√
G = −(√G)u,
γ2 β2 − γ1 β1 − 2νµ = 1√
E
(β2)u − 1√
G
(β1)v,
γ21 + γ
2
2 − (ν2 + µ2) =
1√
E
(γ2)u +
1√
G
(γ1)v,
where
√
E =
(ln |µ2 − ν2|)u
4γ2
,
√
G =
(ln |µ2 − ν2|)v
4γ1
, β1 = 2γ1
µνv − νµv
ννv − µµv , β2 = −2γ2
µνu − νµu
ννu − µµu .
If {x0, y0, (n1)0, (n2)0} is a positive oriented orthonormal frame at a point p0 ∈ R4, then
there exists a subdomain D0 ⊂ D and a unique strongly regular general minimal surface
M2 : z = z(u, v), (u, v) ∈ D0, passing through p0, such that the invariants of M2 are the
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given functions ν, µ, γ1, γ2, and {x0, y0, (n1)0, (n2)0} is the moving frame ofM2 at the point
p0.
Proof: We consider the following system of partial differential equations for the unknown
vector functions x = x(u, v), y = y(u, v), n1 = n1(u, v), n2 = n2(u, v) in R
4:
(5.3)
xu =
√
E γ1 y +
√
E ν n1, xv = −
√
Gγ2 y +
√
Gµn2,
yu = −
√
E γ1 x+
√
E µn, yv =
√
Gγ2 x−
√
Gν n1,
(n1)u = −
√
E ν x+
√
E β1 n2, (n1)v =
√
Gν y +
√
Gβ2 n2,
(n2)u = −
√
E µ y −√E β1 n1, (n2)v = −
√
Gµx−√Gβ2 n1.
We denote
Z =


x
y
n1
n2

 , A = √E


0 γ1 ν 0
−γ1 0 0 µ
−ν 0 0 β1
0 −µ −β1 0

 , B = √G


0 −γ2 0 µ
γ2 0 −ν 0
0 ν 0 β2
−µ 0 −β2 0

 .
Then the system (5.3) can be rewritten in the matrix-form:
(5.4)
Zu = AZ,
Zv = BZ.
The integrability conditions of (5.4) are
Zuv = Zvu,
i.e.
(5.5)
∂aki
∂v
− ∂b
k
i
∂u
+
4∑
j=1
(aji b
k
j − bji akj ) = 0, i, k = 1, . . . , 4,
where aji and b
j
i are the elements of the matrices A and B. Using (5.2) we obtain that the
equalities (5.5) are fulfilled. Hence, there exists a subset D1 ⊂ D and unique vector functions
x = x(u, v), y = y(u, v), n1 = n1(u, v), n2 = n2(u, v), (u, v) ∈ D1, which satisfy the system
(5.3) and the conditions
x(u0, v0) = x0, y(u0, v0) = y0, n1(u0, v0) = (n1)0, n2(u0, v0) = (n2)0.
We shall prove that {x(u, v), y(u, v), n1(u, v), n2(u, v)} is a positive oriented orthonormal
frame field for each (u, v) ∈ D1. Let us consider the following functions:
ϕ1 = x
2 − 1, ϕ2 = y2 − 1, ϕ3 = n21 − 1, ϕ4 = n22 − 1,
ϕ5 = x y, ϕ6 = xn1, ϕ7 = xn2, ϕ8 = y n1,
ϕ9 = y n2, ϕ10 = n1 n2,
defined for each (u, v) ∈ D1. Using that x(u, v), y(u, v), n1(u, v), n2(u, v) satisfy (5.3), we
obtain the system
(5.6)
∂ϕi
∂u
= αji ϕj ,
∂ϕi
∂v
= βji ϕj ,
i = 1, . . . , 10,
MINIMAL SURFACES IN THE FOUR-DIMENSIONAL EUCLIDEAN SPACE 11
where αji , β
j
i , i, j = 1, . . . , 10 are functions of (u, v) ∈ D1. The system (5.6) is a linear
system of partial differential equations for the functions ϕi(u, v), i = 1, . . . , 10, (u, v) ∈
D1, satisfying ϕi(u0, v0) = 0, i = 1, . . . , 10. Hence ϕi(u, v) = 0, i = 1, . . . , 10 for each
(u, v) ∈ D1. Consequently, the vector functions x(u, v), y(u, v), n1(u, v), n2(u, v) form an
orthonormal frame field for each (u, v) ∈ D1.
Now, let us consider the system
(5.7)
zu =
√
E x,
zv =
√
Gy
of partial differential equations for the vector function z(u, v). Using (5.2) and (5.3) we get
that the integrability conditions zuv = zvu of (5.7) are fulfilled. Hence, there exist a subset
D0 ⊂ D1 and a unique vector function z = z(u, v), defined for (u, v) ∈ D0 and satisfying
z(u0, v0) = p0.
Consequently, the surface M2 : z = z(u, v), (u, v) ∈ D0 satisfies the assertion of the
theorem. 
6. Canonical parameters on strongly regular minimal surfaces of general
type
Let M2 be a strongly regular minimal surface of general type parameterized by semi-
canonical parameters. In this section we shall define canonical parameters on M2.
Lemma 6.1. Let M2 be a strongly regular minimal surface of general type in R4, parame-
terized by semi-canonical parameters. Then the function
E
√
|µ2 − ν2|
does not depend on v, while the function
G
√
|µ2 − ν2|
does not depend on u.
Proof: From equalities (5.1) we get
(6.1) γ1 =
1
4
√
G
(
ln |µ2 − ν2|)
v
; γ2 =
1
4
√
E
(
ln |µ2 − ν2|)
u
.
On the other hand, γ1 = − 1√
G
(
ln
√
E
)
v
, γ2 = − 1√
E
(
ln
√
G
)
u
. Hence,
∂
∂v
(
ln
(
E2|µ2 − ν2|)) = 0; ∂
∂u
(
ln
(
G2|µ2 − ν2|)) = 0,
which imply that E
√|µ2 − ν2| does not depend on v, and G√|µ2 − ν2| does not depend on
u. 
The equalities (6.1) imply the following equivalences:
γ1 6= 0 ⇐⇒ |µ2 − ν2|v 6= 0;
γ2 6= 0 ⇐⇒ |µ2 − ν2|u 6= 0.
So, the strongly regular minimal surfaces of general type are characterized by the condition
|µ2 − ν2|v|µ2 − ν2|u 6= 0.
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Next we introduce canonical parameters on a strongly regular minimal surface of general
type.
Definition 6.2. LetM2 be a strongly regular minimal surface of general type parameterized
by semi-canonical parameters (u, v). The parameters (u, v) are said to be canonical, if
E
√
|µ2 − ν2| = 1; G
√
|µ2 − ν2| = 1.
Theorem 6.3. Any strongly regular minimal surface of general type locally admits canonical
parameters.
Proof: Let M2 be a strongly regular minimal surface of general type parameterized by semi-
canonical parameters (u, v). According to Lemma 6.1 it follows that there exist functions
ϕ = ϕ(u) > 0 and ψ = ψ(v) > 0, such that
E
√
|µ2 − ν2| = ϕ(u); G
√
|µ2 − ν2| = ψ(v).
Under the following change of the parameters:
u =
∫ u
u0
√
ϕ(u) du+ u0, u0 = const
v =
∫ v
v0
√
ψ(v) dv + v0, v0 = const
we obtain
E =
1√
|µ2 − ν2| ; F = 0; G =
1√
|µ2 − ν2| ,
i.e. the parameters (u, v) are canonical. 
From now on we consider a strongly regular minimal surface of general type M2 : z =
z(u, v), (u, v) ∈ D, parameterized by canonical parameters, i.e.
E =
1√|µ2 − ν2| ; F = 0; G = 1√|µ2 − ν2| .
Then the functions γ1 and γ2 in the derivative formulas of M
2 are expressed as follows:
γ1 =
(
|µ2 − ν2| 14
)
v
; γ2 =
(
|µ2 − ν2| 14
)
u
.
Using equalities (5.1) we find that
β1 = −|µ2 − ν2| 14
(
ln
√∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
v
; β2 = |µ2 − ν2| 14
(
ln
√∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
u
.
Then the last two equalities of (5.1) take the form:
(6.2)
1
4
√
|µ2 − ν2|∆ ln |µ2 − ν2|+ ν2 + µ2 = 0;
1
2
√
|µ2 − ν2|∆ ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣+ 2νµ = 0,
where ∆ is the Laplace operator.
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The invariants µ and ν can be expressed by the Gauss curvature K and the normal
curvature κ as follows:
|µ2 − ν2| =
√
K2 − κ2;
∣∣∣∣µ+ νµ− ν
∣∣∣∣ =
√
K − κ
K + κ
.
So the equalities (6.2) can be rewritten as
(6.3)
1
8
(K2 − κ2) 14 ∆ ln(K2 − κ2)−K = 0;
1
4
(K2 − κ2) 14 ∆ ln K − κ
K + κ
+ κ = 0.
The fundamental Theorem 5.1 in canonical parameters states as follows:
Theorem 6.4. Let ν(u, v) and µ(u, v) be two smooth functions, defined in a domain D, D ⊂
R
2, and satisfying the conditions
µ > 0, ν 6= 0, |µ2 − ν2|v|µ2 − ν2|u 6= 0;
1
4
√
|µ2 − ν2|∆ ln |µ2 − ν2|+ ν2 + µ2 = 0;
1
2
√
|µ2 − ν2|∆ ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣+ 2νµ = 0.
Then there exists a unique (up to a motion) strongly regular minimal surface of general type
M2 : z = z(u, v), (u, v) ∈ D0, D0 ⊂ D, with geometric invariants ν(u, v) and µ(u, v).
Furthermore (u, v) are canonical parameters of M2.
7. Minimal surfaces of general type which are not strongly regular
In this section we consider non strongly regular minimal surfaces of general type, satisfying
the condition
(7.1) γ1 = 0.
Equalities (5.1) under the assumption γ1 = 0 imply that
(7.2)
ν β1 = − 1√
G
µv,
µ β1 = − 1√
G
νv,
2µ γ2 + ν β2 =
1√
E
µu,
2ν γ2 + µ β2 =
1√
E
νu,
γ2 β2 − 2νµ = 1√
E
(β2)u − 1√
G
(β1)v,
γ22 − (ν2 + µ2) =
1√
E
(γ2)u.
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Having in mind that γ1 = −y(ln
√
E), and (7.1), we get Ev = 0, i.e. E = E(u). From the
first two equalities of (7.2) we obtain (µ2 − ν2)v = 0. The third and the fourth equality of
(7.2) imply
(7.3) γ2 =
1
4
√
E
(
ln |µ2 − ν2|)
u
, β2 =
1√
E
(
ln
√∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
u
.
Hence, γ2 = γ2(u). Then from the last equality of (7.2) we get that (µ
2 + ν2)v = 0.
Consequently, µ = µ(u), ν = ν(u). So, we obtain that β1 = 0 and β2 = β2(u).
With respect to the geometric frame field {x, y, n1, n2} the derivative formulas of M2 look
like:
(7.4)
∇′xx = ν n1, ∇′xn1 = −ν x,
∇′xy = +µn2, ∇′yn1 = ν y + β2 n2,
∇′yx = −γ2 y + µn2, ∇′xn2 = − µ y,
∇′yy = γ2 x − ν n1, ∇′yn2 = −µ x − β2 n1,
where µ > 0, ν 6= 0, µ2 6= ν2, γ2 6= 0, β2 6= 0.
We shall define canonical parameters on M2.
Lemma 7.1. Let M2 be a minimal surface of general type parameterized by semi-canonical
parameters, and satisfying the condition γ1 = 0. Then the function G
√|µ2 − ν2| does not
depend on u.
Proof: Using that γ2 = − 1√
E
(ln
√
G)u and (7.3) we obtain
∂
∂u
(
ln
(
G2|µ2 − ν2|)) = 0, which
implies that G
√|µ2 − ν2| does not depend on u. 
Definition 7.2. Let M2 be a minimal surface of general type parameterized by semi-
canonical parameters (u, v), and satisfying the condition γ1 = 0. The parameters (u, v)
are said to be canonical, if
E = 1, G =
1√|µ2 − ν2| .
Theorem 7.3. Any minimal surface of general type satisfying the condition γ1 = 0 locally
admits canonical parameters.
Proof: Let M2 be a non-strongly regular minimal surface of general type, parameterized by
semi-canonical parameters (u, v), and satisfying γ1 = 0. According to Lemma 7.1 it follows
that there exist functions ϕ = ϕ(u) > 0 and ψ = ψ(v) > 0, such that
E = ϕ(u), G
√
|µ2 − ν2| = ψ(v).
Under the following change of the parameters:
u =
∫ u
u0
√
ϕ(u) du+ u0, u0 = const
v =
∫ v
v0
√
ψ(v) dv + v0, v0 = const
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we get
E = 1, F = 0, G =
1√
|µ2 − ν2| ,
i.e. the parameters (u, v) are canonical. 
From now on we consider a minimal surface M2 of general type satisfying the condition
γ1 = 0, parameterized by canonical parameters, i.e.
E = 1, F = 0, G =
1√|µ2 − ν2| .
Then the functions γ1, γ2, β1, β2 in the derivative formulas (7.4) of M
2 are expressed as
follows:
γ1 = 0, γ2 =
1
4
(
ln |µ2 − ν2|)
u
;
β1 = 0, β2 =
1
2
(
ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
u
.
Hence, the last two equalities of (7.2) take the form:
(7.5)
1
4
(
ln |µ2 − ν2|)
uu
− 1
16
(
ln |µ2 − ν2|)2
u
+ ν2 + µ2 = 0,
1
2
(
ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
uu
− 1
8
(
ln |µ2 − ν2|)
u
(
ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
u
+ 2νµ = 0.
Theorem 7.4. Let ν(u) and µ(u) be two smooth functions, defined in J ⊂ R, and satisfying
the conditions
µ > 0; ν 6= 0; |µ2 − ν2|u 6= 0;
∣∣∣∣µ+ νµ− ν
∣∣∣∣
u
6= 0;
1
4
(
ln |µ2 − ν2|)
uu
− 1
16
(
ln |µ2 − ν2|)2
u
+ ν2 + µ2 = 0;
1
2
(
ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
uu
− 1
8
(
ln |µ2 − ν2|)
u
(
ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
u
+ 2νµ = 0.
Then there exists a unique (up to a motion) minimal surface of general type M2 : z =
z(u, v), (u, v) ∈ D0, D0 = J × J ′ (J ′ ⊂ R), satisfying the condition γ1 = 0 with geometric
invariants ν(u) and µ(u). Furthermore (u, v) are canonical parameters of M2.
Proof: Let us denote
E = 1; G =
1√|µ2 − ν2| ; γ2 =
1
4
(
ln |µ2 − ν2|)
u
; β2 =
1
2
(
ln
∣∣∣∣µ+ νµ− ν
∣∣∣∣
)
u
.
We consider the following system of partial differential equations for the unknown vector
functions x = x(u, v), y = y(u, v), n1 = n1(u, v), n2 = n2(u, v) in R
4:
(7.6)
xu = ν n1, xv = −
√
Gγ2 y +
√
Gµn2,
yu = µn2, yv =
√
Gγ2 x−
√
Gν n1,
(n1)u = −ν x, (n1)v =
√
Gν y +
√
Gβ2 n2,
(n2)u = −µ y, (n2)v = −
√
Gµx−√Gβ2 n1.
16 GEORGI GANCHEV AND VELICHKA MILOUSHEVA
The integrability conditions of system (7.6) are equalities (7.5). Further we follow the scheme
of the proof of Theorem 5.1. 
We shall give a geometric description of the non strongly regular minimal surfaces of
general type, satisfying the condition γ1 = 0.
Proposition 7.5. Let M2 be a minimal surface of general type, satisfying the condition
γ1 = 0. Then each parametric curve cv : z(v) = z(u0, v) is a curve with constant curvatures,
and each parametric curve cu : z(u) = z(u, v0) is a plane curve, lying in the 2-dimensional
space spanned by the second and the fourth vector field in the Frenet frame field of cv.
Proof: Let cu : z(u) = z(u, v0) be a parametric curve of M
2. Then z′(u) = zu(u, v0) and the
tangent vector tu of cu is tu =
zu√
E
= x(u, v0). Using (7.4) we obtain t
′
u = ν n1, which implies
that the curvature of cu is κu(u) = |ν(u)|, and the principal normal nu of cu is collinear with
n1. Then from (7.4) we get n
′
u = −κutu, which implies that the parametric curve cu is a
plane curve, lying in the 2-dimensional space span{x, n1}.
Now, let cv : z(v) = z(u0, v) be a parametric curve of M
2. Then z′(v) = zv(u0, v) and the
tangent vector tv of cv is tv =
zv√
G
= y(u0, v). Using (7.4) we find the Frenet frame field
of cv and we calculate the curvatures of cv. The Frenet frame field {tv, nv, bv, b1 v} of cv is
determined by
tv = y, nv =
γ2√
ν2 + γ22
x− ν√
ν2 + γ22
n1, bv = n2, b1 v =
ν√
ν2 + γ22
x+
γ2√
ν2 + γ22
n1.
Obviously, span{nv, b1 v} = span{x, n1}.
The curvatures of cv are given by
κv = κv(u0) =
√
ν2 + γ22 , τv = τv(u0) =
|µγ2 − νβ2|√
ν2 + γ22
, σv = σv(u0) = −µν + γ2β2√
ν2 + γ22
.
Since the curvatures of cv do not depend on the parameter v, the parametric curve cv is a
curve with constant curvatures. 
The following question arises naturally: Does each smooth curve with constant curvatures
in R4 generate a non strongly regular minimal surface in this geometric way?
We shall construct a class of surfaces in R4, generated by a curve with constant curvatures.
Each curve with constant curvatures in R4 can be parameterized as follows:
c : z(v) = (a cosαv, a sinαv, b cosβv, b sin βv) , v ∈ [0; 2pi),
where a, b, α, β are constants (α > 0, β > 0). This curve is a generalization of the circular
helix in E3. Without loss of generality we can assume that a2α2 + b2β2 = 1, i.e. c is
parameterized by the arc-length. Then the curvatures of c are expressed by
κ =
√
a2α4 + b2β4; τ =
abαβ(α2 − β2)√
a2α4 + b2β4
; σ =
αβ√
a2α4 + b2β4
.
In case of α 6= β c is a curve in R4, and in case of α = β c is a circle. We shall consider the
general case α 6= β.
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The Frenet frame field {t, n, b, b1} of c is
t = (−aα sinαv, aα cosαv,−bβ sin βv, bβ cos βv) ,
n =
1
κ
(−aα2 cosαv,−aα2 sinαv,−bβ2 cos βv,−bβ2 sin βv) ,
b = (bαβ cosαv, bαβ sinαv,−aαβ cos βv,−aαβ sin βv) ,
b1 =
1
κ
(
bβ2 cosαv, bβ2 sinαv,−aα2 cos βv,−aα2 sin βv) .
Let A = A(u) and B = B(u) be smooth functions, defined in J ⊂ R, and satisfying
A′ 2(u) +B′ 2(u) > 0, (κA− 1)2 + (τA− σB)2 > 0; u ∈ J.
We consider the surface M2 generated by the curve c in the following way:
(7.7) M2 : z(u, v) = z(v) + A(u)n(v) +B(u)b1(v), u ∈ J, v ∈ [0; 2pi).
The surfaceM2 is a one-parameter family of plane curves lying in the normal plane span{n, b1}
of c.
Let us denote
(7.8)
f(u) = a+
1
κ
(−aα2A(u) + bβ2B(u)),
g(u) = b+
1
κ
(−bβ2A(u)− aα2B(u)).
Then the surface M2 is parameterized by
(7.9) M2 : z(u, v) = (f(u) cosαv, f(u) sinαv, g(u) cosβv, g(u) sinβv) .
We shall consider a surface M2 given by (7.9), for arbitrary smooth functions f(u) and
g(u), satisfying α2f 2 + β2g2 > 0, f ′ 2 + g′ 2 > 0.
Considering general rotations in R4, Moore introduces in [4] general rotational surfaces.
The surface M2, given by (7.9) is a general rotational surface whose meridians lie in two-
dimensional planes.
The tangent space of M2 is spanned by the vector fields
zu = (f
′ cosαv, f ′ sinαv, g′ cos βv, g′ sin βv) ,
zv = (−αf sinαv, αf cosαv,−βg sin βv, βg cos βv) .
Hence, the coefficients of the first fundamental form are
E = f ′ 2(u) + g′ 2(u), F = 0, G = α2f 2(u) + β2g2(u)
and W =
√
(f ′ 2 + g′ 2)(α2f 2 + β2g2). We consider the following orthonormal tangent frame
field
x =
1√
f ′ 2 + g′ 2
(f ′ cosαv, f ′ sinαv, g′ cos βv, g′ sin βv),
y =
1√
α2f 2 + β2g2
(−αf sinαv, αf cosαv,−βg sin βv, βg cos βv).
18 GEORGI GANCHEV AND VELICHKA MILOUSHEVA
The second partial derivatives of z(u, v) are expressed as follows
zuu = (f
′′ cosαv, f ′′ sinαv, g′′ cos βv, g′′ sin βv) ,
zuv = (−αf ′ sinαv, αf ′ cosαv,−βg′ sin βv, βg′ cos βv) ,
zvv = (−α2f cosαv,−α2f sinαv,−β2g cos βv,−β2g sin βv) .
Now let us consider the following orthonormal normal frame field of M2:
n1 =
1√
f ′ 2 + g′ 2
(g′ cosαv, g′ sinαv,−f ′ cos βv,−f ′ sin βv),
n2 =
1√
α2f 2 + β2g2
(−βg sinαv, βg cosαv, αf sin βv,−αf cos βv).
It is easy to verify that {x, y, n1, n2} is a positive oriented orthonormal frame field in R4.
We calculate the functions ckij, i, j, k = 1, 2:
c111 = 〈zuu, n1〉 =
g′f ′′ − f ′g′′√
f ′ 2 + g′ 2
, c211 = 〈zuu, n2〉 = 0,
c112 = 〈zuv, n1〉 = 0, c212 = 〈zuv, n2〉 =
αβ(gf ′ − fg′)√
α2f 2 + β2g2
,
c122 = 〈zvv, n1〉 =
β2gf ′ − α2fg′√
f ′ 2 + g′ 2
, c222 = 〈zvv, n2〉 = 0,
where 〈 , 〉 is the standard scalar product in R4. Therefore the coefficients L, M and N of
the second fundamental form of M2 are expressed as follows:
L =
2αβ(gf ′ − fg′)(g′f ′′ − f ′g′′)
(α2f 2 + β2g2)(f ′ 2 + g′ 2)
, M = 0, N =
−2αβ(gf ′ − fg′)(β2gf ′ − α2fg′)
(α2f 2 + β2g2)(f ′ 2 + g′ 2)
.
Consequently, the invariants k and κ of M2 are given by:
k =
−4α2β2(gf ′ − fg′)2(g′f ′′ − f ′g′′)(β2gf ′ − α2fg′)
(α2f 2 + β2g2)3(f ′ 2 + g′ 2)3
;
κ =
αβ(gf ′ − fg′)
(α2f 2 + β2g2)2(f ′ 2 + g′ 2)2
[(α2f 2 + β2g2)(g′f ′′ − f ′g′′)− (f ′ 2 + g′ 2)(β2gf ′ − α2fg′)].
Hence, M2 is a minimal surface (κ2 − k = 0) if and only if
(7.10)
g′f ′′ − f ′g′′
f ′ 2 + g′ 2
=
α2fg′ − β2gf ′
α2f 2 + β2g2
.
Now let f(u) and g(u) be the functions, defined by (7.8). Then we calculate
g′f ′′ − f ′g′′ = A′′B′ −A′B′′, f ′ 2 + g′ 2 = A′ 2 +B′ 2,
α2fg′ − β2gf ′ = (κA− 1)κB′ + (τA− σB)(σA′ + τB′),
α2f 2 + β2g2 = (κA− 1)2 + (τA− σB)2.
Consequently, the equality (7.10) takes the form
(7.11)
A′′B′ −A′B′′
A′ 2 +B′ 2
=
(κA− 1)κB′ + (τA− σB)(σA′ + τB′)
(κA− 1)2 + (τA− σB)2 .
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Thus we obtain the following result:
Proposition 7.6. The surface M2, generated by the curve c with constant curvatures κ, τ
and σ by the formula (7.7), is minimal if and only if the equality (7.11) holds.
Any minimal surface given by (7.7) satisfies the condition γ1 = 0.
References
[1] Dajczer M. and R. Tojeiro. All superconformal surfaces in R4 in terms of minimal surfaces. Math. Z.,
DOI 10.1007/s00209-008-0355-0.
[2] Ganchev G. and V. Mihova. On the Invariant Theory of Weingarten Surfaces in Euclidean Space.
arXiv:0802.2191v1 [math.DG]
[3] Ganchev G. and V. Milousheva. On the theory of surfaces in the four-dimensional Euclidean space.
Kodai Math. J., 31 (2008), 183-198.
[4] Moore C. Surfaces of Rotation in a Space of Four Dimensions. Ann Math, 2nd Ser., 21 (1919), 2, 81-93.
[5] Moore C. and E. Wilson. A general theory of surfaces. J. Nat. Acad. Proc. 2 (1916), 273-278 .
[6] Moore C. and E. Wilson. Differential geometry of two-dimensional surfaces in hyperspaces. Proc. Acad.
Arts Sci. 52 (1916), 267-368.
[7] Wintgen P. Su¨r l’inegalite´ de Chen-Willmore. C. R. Acad. Sc. Paris, Se´rie A, 288 (1979), 993-995.
Bulgarian Academy of Sciences, Institute of Mathematics and Informatics, Acad. G.
Bonchev Str. bl. 8, 1113 Sofia, Bulgaria
E-mail address : ganchev@math.bas.bg
Bulgarian Academy of Sciences, Institute of Mathematics and Informatics, Acad. G.
Bonchev Str. bl. 8, 1113, Sofia, Bulgaria
E-mail address : vmil@math.bas.bg
